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Abstract A technique for determining thermophysical properties is proposed and
applied to a sample of concrete by taking advantage of pseudo-random signals. Data
are treated in the frequency domain. A new approach is developed for estimating the
thermal impedance based on the formalism of non-integer order models. An experi-
mental setup consisting of a heat flux and temperature sensor arranged in contact with
a material assuming a semi-infinite boundary condition is studied. The theoretical
expression for such a thermal impedance takes into account the thermal capacity of
the sensor and the contact resistance and emphasizes fractional orders in the behavior
model.
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List of Symbols

a Thermal diffusivity (m2 · s−1)
b Thermal effusivity (J · m−2 · s−1/2 · K−1)
b̄ Average value of the thermal effusivity
c Specific heat capacity (J · kg−1 · K−1)
C Thermal capacity of the system (J · m−2 · K−1)
Cf Fluxmeter capacity (J · m−2 · K−1)
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Cv Coefficient of variation
D Differentiation operator
f Frequency (Hz)
h Sampling period (s)
j Complex variable
� Thickness of material (M)
nαI , nβJ Derivative orders
p Laplace variable
pi Theoretical impedance parameter
Spi Impedance sensitivity function to parameter pi

R Thermal resistance of the system (K · m2 · W−1)
Rc Contact resistance (K · m2 · W−1)
Rf Fluxmeter resistance (K · m2 · W−1)
t Time (s)
T Temperature (K)
Ze Thermal input impedance (K · m2 · W−1)
Zc Characteristic thermal impedance (K · m2 · W−1)
Z th Theoretical Impedance (K · m2 · W−1)
λ Thermal conductivity (W · m−1 · K−1)
θ Temperature (◦C)
ρ Density (kg · m−3)
ρc Volumetric heat capacity (J · m−3 · K−1)
φ Heat flux (W · m−2)
σ Standard deviation
αi , β j Differential model parameters

1 Introduction

The determination of thermophysical properties (thermal conductivity, specific heat,
thermal effusivity, or thermal diffusivity) of materials is essential in many fields such
as energy engineering, chemistry engineering, material engineering, civil engineering,
etc. Many scientific studies deal with thermophysical property measurements. One can
distinguish the methods of thermophysical characterization based on studies using a
steady state and those using a transient regime. As the first methods require long time
periods, making them unsuitable for numerous applications, researchers have focused
on transient methods.

In order to estimate thermophysical properties, various types of sensors have
been designed and developed. Such sensors have been designed with various geome-
tries, shaped as disks, rings, strips, planes, and single- or double-stems. However, the
procedure for determining these thermophysical properties remains more or less the
same. It involves comparing temperature changes in the sensor with a time-dependent
model as it is subjected to the dissipation of a given heat load. Expressing the time-
dependent model classically requires simultaneously solving both the heat equation
and Fourier’s law. The solution leads to a time-dependent expression for the sensor
temperature when the boundary conditions are simple and well-defined. Especially, it
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is mandatory to model the heat flux due to heating by means of a simple analytical
expression that can be solved in a straightforward manner. Such a requirement con-
siderably limits the type of stress and leads in most cases to consider a power step.
Stringent compliance with the stress signal is therefore an essential condition for such
methods to be successful. In situ, boundary conditions cannot be easily controlled.
Natural exchanges are added to the imposed conditions that disturb the measurement.

Parameters of the time-dependent model are the thermophysical data of the studied
material, as well as characteristics of both the sensor and the sensor/material con-
tact. The characteristics of the sensor do not depend on time and may be estimated or
determined via preliminary tests [1]. On the other hand, the contact between the sensor
and material is a significant issue as the contact resistance is not one of the parame-
ters identified for each test. Considering single cases, the contact resistance may be
neglected or can be reproduced satisfactorily, and its value can be fixed at a nominal
value in the model. However, in most cases, its value changes from one test to another
and the variations lead to errors in estimating the thermophysical parameters of the
material. For materials with a rough surface, the contact resistance is significant with a
strong influence on the heat exchanges. The sensor–material assembly is subjected to
heat dissipation and responds with a change in the temperature of the sensor—the only
data recorded. Such an approach only takes into account the response of the system
to be characterized.

By definition, the thermal impedance is the ratio between the spectra of the tem-
perature signal on a given surface and the heat flow crossing it. Both quantities can be
measured simultaneously using a fluxmeter fitted with a thermocouple. If the thermal
impedance is estimated for characterization purposes, both the imposed stress and
temperature response are observed simultaneously, and their interaction is analyzed.
Such an analysis is carried out in the frequency domain, enabling the system to be
studied on the basis of random signals. The frequency approach facilitates an under-
standing of the phenomena, and along with the sensitivity study, the transition to the
spectral domain enables us to target precisely in which frequency range the optimal
work can be selected to identify the required parameters.

The thermophysical parameters can be identified with the theoretical model to
adjust the experimentally determined impedance. In the Laplace domain, the theo-
retical behavior model shows that both the flux density and temperature are related
in a differential equation in which the orders of differentiation are fractional. Then
we can introduce a new technique to determine thermal impedance values, based on
non-integer order model theory [2].

The thermal impedance is generally estimated by classical Fourier transform tech-
niques or on the basis of a parametric model of the z-transform type [3]. The approach
introduced in this study allows us to use directly the theoretical model to estimate the
experimental impedance. The theoretical model is a function of the thermal effusivity
of the material and also takes into account the thermal capacity of the sensor and
the contact resistance that is identified for each test. In this study, the validity of the
model is discussed via a harmonic study, and the method is applied to a sample of
concrete. Such a case is interesting because the thermal properties of concrete vary
significantly from one composition to another and also with time [4]. The contact
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resistance may have large values, and it must be taken into account so as to avoid
larges errors.

2 Experimental Setup and Thermal Impedance Modeling

Thermal impedance [5] is defined in the Laplace domain as the ratio of the temperature
and heat flux Laplace transforms. Thus, Z(p) can be written as

Z (p) = θ (p)

ϕ (p)
(1)

An advantageous theoretical expression of the impedance, as will be shown in the next
part, can be expressed using a non-integer model.

The experimental procedure for calculating the apparent thermal impedance of the
input side of a material requires both temperature and flux sensors to be arranged on
the sample. Then one may observe either the natural exchanges between the mate-
rial and the environment, or as in our case, heat the sensor/material assembly with a
thermal resistance.

To ensure exchanges as one-directional heat flow, the sensor consists of a sensitive
measuring area surrounded by a ring with a similar but inert material acting as a guard
ring. The sensor is a tangential-gradient fluxmeter [6], 0.5 mm in thickness, whose
temperature is measured with an embedded T-thermocouple as shown in Figs. 1, 2.

Impedance values depend on a triple-layer system. The capacity of the sensor Cf
(J · m−2 · K−1) at the input of the system can be considered as the first layer. The sec-
ond layer is the contact resistance Rc (K · m2 · W−1) at the sensor–material interface,
and the third one is the material (in a semi-infinite boundary condition) characterized
by its thermal effusivity b (J · K−1 · m−2 · s−1/2).

The formalism of thermal quadrupoles can be considered with a transfer matrix
associated with both the sensor and contact resistance [7].

[
1 0
pCf 1

]
·
[

1 Rc
0 1

]
=

[
1 Rc
pCf 1 + pRcCf

]
(2)

Sensor

Plane of measurement

Sample

Active  zone
 of the sensor 1-D transfer

Contact resistance

Guard Ring

25 cm

15 cm

Fig. 1 Sensor
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Fig. 2 Modeling parameters of the thermal system

As semi-infinite conditions can be assumed, the medium exhibits a characteristic
impedance Zc:

Zc(p) = 1

b
√

p
(3)

The parameter b (J · m−2 · s−1/2 · K−1) represents the thermal effusivity of the
material. Such a parameter represents the material’s ability to absorb heat from the
medium in contact especially with transient exchanges. The product of the transfer
matrices provides an expression for the impedance Z of the system in the Laplace
domain;

Z(p) = 1 + bRc p1/2

bp1/2 + pCf + bRcCf p3/2 (4)

Then the transfer function can be written as

Z (p) = β1 + β2 p1/2

α1 p1/2 + α2 p + α3 p3/2 (5)

The model highlights a linear relation between both the time-dependent input (heat
flux ϕ(t)) and output (temperature θ(t)) quantities by way of a differential equation
whose orders of differentiation are fractional [2].

α1D1/2θ(t) + α2Dθ(t) + α3D3/2θ(t) = β1ϕ(t) + β2D1/2ϕ(t) (6)

Terms with Dn in this expression stand as generalized derivatives that can be calculated
with the following recurrence equations:
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(
d

dt

)nα

θ(t) = 1

hnα

K∑
k=0

(−1)k
(

nα

k

)
θ (t − kh) (7)

(
d

dt

)nα

ϕ(t) = 1

hnα

K∑
k=0

(−1)k
(

nα

k

)
ϕ (t − kh) (8)

with
(

nα

k

)
= nα (nα − 1) · · · (nα − k + 1)

k! (9)

In this approach, h is the sampling period and nα is the order of differentiation.
On the basis of Eq. 7, recordings of changes in flux density and surface temperature

can be used to setup a system of equations in which coefficients αi and β j are the
unknown parameters. By changing these variables [8], this system can be transcribed
into a linear form. Coefficients αi and β j , which are combinations of the parameters
of the experimental impedance, are obtained by matrix inversion.

The impedance in the frequency domain is a special case with transfer functions
defined in the Laplace domain as p = j2π f (j = √−1 and f is the frequency in Hz).
The thermophysical parameters of the system (especially the thermal effusivity b) can
be estimated by fitting the theoretical impedance model to the experimental imped-
ance. An iterative procedure allows the fitting method to minimize the gap between
both impedance values.

Z( f ) is a complex function that can be expressed as

Z ( f ) = 1 + bRc (j2π f )1/2

b (j2π f )1/2 + j2π f Cf + bRcCf (j2π f )3/2 (10)

As we will see, a short observation time means working in a domain where the sensor
has a perturbing effect; then the measurement depends on three components of the
thermal system: the sensor, the sensor–material contact resistance, and the material
under study, according to its thermal effusivity.

3 Analysis of Impedance Sensitivity to Thermophysical Parameters

The objective of such a sensitivity study is to define the influence of each system
parameter and to optimize the choice of the frequency range to be used for identifica-
tion purposes.

In an inverse technique procedure, thermophysical parameters are estimated by
seeking the grouping in which the experimental impedance is best approximated by
the theoretical impedance. The possibility of simultaneously identifying these parame-
ters can be discussed on the basis of a sensitivity study. This is performed by observing
variations in the given function when subjected to a change in one of the parameters.
Thus, analysis takes into account the range of variation and meets the conditions
for de-correlating the quantities. In this way, the frequency range under study can
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be optimized as a function of the required objectives. It may even enable the model
to be reduced as certain parameters would prove to have negligible influence on the
observation range.

The impedance is a complex function of frequency. The sensitivity of the moduli
and phases to various parameters is studied in parallel. The sensitivity functions SPi

of both moduli and the phase of Z to the parameter pi will be defined by the relation,

sZ ,Pi ( f ) = �Z/Z

�pi/pi
(11)

In this expression, Z represents alternatively the modulus or argument of the imped-
ance. In order to make interpretation easier over a wide frequency range, the ratio
of the relative variations in the parameter to the response function is calculated and
expressed as a percentage of the tested function. Since Sz,p is defined as a ratio of
two non-dimensional functions, it follows that it is also non-dimensional. The cal-
culation, numerically obtained, involves introducing nominal values of the various
parameters. Such a constraint is not in contradiction with the aim of determining these
parameters. The sensitivity functions are only used qualitatively. They highlight the
predominance of given parameters in the behavior of the response function and their
possible correlation. They also make it possible to choose optimum frequency ranges
for identifying the main parameters. A rough estimate of the values is enough for
this use of the sensitivity functions. In this case, the following values were chosen:
Cf = 800 J · m−2 · K−1 for the sensor capacity, Rc = 4 × 10−2 K · m2 · W−1 for
the contact resistance, and b = 2000 J · m−2 · s−1/2 · K−1 for the thermal effusivity
of the material.

Figure 3 shows a global view (for better appreciation) of the modulus sensitivity for
each parameter. This example makes clear the choice of the frequency range between
∼10−3 Hz and some 10−2 Hz, because, in this range, the impedance is highly sensitive
to the thermal effusivity of the material; it should also be noted that there is high sen-
sitivity to resistance Rc which increases with frequency, and both sensitivity curves
b and Rc are not proportional, indicating that the sensitivities are not correlated in
the studied frequency range. The two parameters can be determined simultaneously.
It should be noted that the sensitivity to the sensor capacity is much lower. Capacity
values obtained by identification will be assigned a high level of uncertainty, because
of a low sensitivity in the impedance estimation. The result could be fixed at a nominal
value without hampering any identification of the others.

Assuming a lower frequency range, we could neglect the Rc parameter; however, in
such a case, an experiment of sufficiently long time should be required that questions
the uni-directionality of the exchanges.

Finally, to check if parameters b and Rc are correlated, the sensitivity to Rc is plot-
ted as a function of sensitivity to b. If those parameters are correlated, the graph will
be a line going through the origin.

Both sensitivities are non-dimensional and expressed in a percent form as in Fig. 4.
Hence, with regard to this study, parameters b and Rc can be simultaneously deter-

mined in the studied area, from the same test.
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Fig. 3 Modulus sensitivity to parameters as a function of frequency
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Fig. 4 Evolution of the sensitivity to the resistance Rc depending on the sensitivity to the thermal
effusivity b

4 Model and Processing Validation Stage

4.1 Preliminary Characterization of the Sample

Characterization was carried out on a concrete sample. This was a typical case in which
surface roughness produces high contact resistance values, up to 10−2K · m2 · W−1.
Although the material is naturally heterogeneous, the size of the sensor allows the
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heterogeneities to be integrated and we can consider it as homogeneous. A study of
the heat transfer through the sample made it possible to determine a reference thermal
conductivity value [9]. This study was carried out in the usual way with a conduction
test bench. Analysis of a storage process in the same setup allowed us to measure the
thermal capacity. On the basis of these preliminary measurements (determination of
both thermal conductivity and specific heat) [10], it was possible to deduce a reference
thermal effusivity value with the relation:

b = √
λρc (12)

where λ is the thermal conductivity, and ρc is the volumetric specific heat.
Results are illustrated in Table 1.

4.2 Model Validation Stage

In order to estimate the experimental impedance, a model with the same derivative
orders as the theoretical expression is chosen and coefficients αi and β j are determined
from the measurements. The impedance was estimated by a harmonic study in order to
validate the theoretical model. Determining the transfer function by a harmonic study
requires the impedance to be plotted point by point after sufficiently long tests, but
the result obtained can be used as a reference.

The validation procedure involves subjecting the sensor/material system to a sinu-
soidal flux density signal, i.e., one with a single frequency component. To this end,
the generated power supply signal is shaped as a sine wave;

P(t) = p0 (1 + sin(2π f t + ϕ)) (13)

The system is thermally driven by a heating resistance, controlled by a microcomputer.
The signal is generated with the command card (D.A.C card: digital-to-analog

converter).
Convenient representative frequencies were chosen in the selected range of the

studied area (Table 2).
Flux excitation is shaped as a continuous square pulse superimposed with a variable

sinusoidal component. As the system is linear, the temperature response is equal to

Table 1 Results obtained on the
concrete sample Thermal conductivity (W · m−1 · K−1) 1.94

Volumetric heat capacity (106 J · m−3 · K−1) 1.6

Thermal effusivity (103 J · m−2 · s−1/2 · K−1) 1.76

Table 2 Impedance moduli derived from the harmonic study at the various frequencies studied

Frequency (Hz) 0.005 0.00568 0.00666 0.00793 0.01 0.0125

Moduli (K · m2 · W−1) 0.0077 0.0076 0.007 0.0066 0.0062 0.0058
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Temperature
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Dissipated power (I²R)

Fig. 5 Experimental procedure diagram

the sum of each frequency response. When the transient regime of response to the
square pulse is assumed completed, the transient part of the temperature is sinusoidal
with the same frequency as the stress (Fig. 5). The ratio between the amplitude of
the harmonic component of the temperature to that of the flux yields the impedance
Z modulus value for the given frequency of the signal and the phase shift yields the
argument of Z .

For this frequency, the amplitude ratio gives

|Z (0.005)| =
∣∣∣∣ θ (0.005)

ϕ (0.005)

∣∣∣∣ = 0.0077 K · m2 · W−1 (14)

The obtained results for various frequencies are summarized in Table 2. The range of
tested frequencies fits the spectral range targeted in this paper during characterization
under pseudo-random test signals.

Thermophysical parameters of the theoretical model are identified by minimizing
a deviation function between the experimental points and those derived from the the-
oretical curve considering solving the quadratic minimization problem (least-squares
method). As the impedance is a non-linear function of the parameters, the approx-
imation is obtained with an iterative algorithm. The simplex method [11] was used
in this work. The initial values of the thermophysical parameters introduced into the
algorithm were sufficiently close to the effective values of the system to avoid any
problem of divergence or convergence towards a local minimum.

Figure 6 shows the points derived from the harmonic study and the optimized imped-
ance curve. We can see good agreement between experimental and optimized curves.
The theoretical curve is obtained with the following thermophysical parameter val-
ues: contact resistance = 0.0056 K ·m2 ·W−1, sensor capacity = 950 J ·m−2 ·K−1, and
thermal effusivity = 1.72 × 103 J · K−1 · m−2 · s−1/2 (Table 3).

The thermal effusivity value is quite close to that obtained during the preliminary
tests. Such good agreement regarding thermophysical property values and the close
superposition of the experimental points and theoretical curve demonstrates the vali-
dation of the theoretical model.

The experimental impedance of this same system was then estimated with the afore-
mentioned method, relying on non-integer models with parameters αi and β j . To avoid
modifying any experimental condition, no work was done on the setup between both
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Fig. 6 Comparison of the impedance moduli and values found by the harmonic study

Table 3 Thermophysical
parameters derived from the
harmonic study

Contact resistance (K · m2 · W−1) 0.0056

Capacity of the sensor (J · m−2 · K−1) 950

Thermal effusivity (103 J · m−2 · s−1/2 · K−1) 1.72

stages of testing. Thus, contact conditions remained unchanged in order to guarantee
a constant contact resistance value.

The resistance is supplied with an on/off signal so that the heating power is dissi-
pated in the form of a pseudo-random binary signal (PRBS) (Fig. 7). PRBS [12] are
signals easily generated by way of a series of high and low levels defined by deter-
ministic laws; their statistical properties can be simulated as, and can be shown to be
equivalent to, random processes [5]. Their spectrum is very rich as a frequency range,
the upper limit depending on the rate of change of state and on the maximum number
of bits included in the PRBS.

Figure 8 shows variations in flux density and surface temperature measured for a
test carried out under pseudo-random stresses.

Entering the time-varying flux and temperature data into Eq. 6 enables the model
parameters αi and β j to be estimated. The values determined from this test are given
in Table 4.

The values were introduced into the impedance expression. The results are plotted
in Fig. 9.

Figure 10 shows that the impedance values obtained by processing agree with the
results of the harmonic study. Approximating the experimental impedance with the
theoretical impedance yields parameter values that are very close to the previous
ones, especially using the thermal effusivity value b = 1.73 × 103J · m−2 · s−1/2 ·
K−1.
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Fig. 7 Resistance supply voltage

Fig. 8 Flux signals and temperature signals from a characterization test under random stresses

Table 4 Values of model parameters αi and β j estimated from Eq. 6 for this test

Parameters α1 α2 α3 β1 β2

Values 0.181234 0.118043 1 0.000097 0.001088
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Fig. 9 Comparison of the impedance model based on the non-integer order model and values found with
the harmonic study

Fig. 10 Result based on optimizing the theoretical impedance (b,Rc,Cf ) versus the experimental imped-
ance (αi ,β j )

5 Measurements of a Series of Tests

The procedure for determining parameters from a non-integer order model was applied
to a series of 10 tests. Between such tests, the sensor was removed and then replaced on
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Table 5 Application of the procedure to a series of ten tests for determining parameters from a non-integer
order

Tests 1 2 3 4 5 6 7 8 9 10

b (103 J · m−2 · s−1/2 · K−1) 1.73 1.82 1.81 1.83 1.78 1.82 1.71 1.79 1.81 1.86

RC (10−3 K · m2 · W−1) 5.7 4.2 4.8 5.3 5.7 5.5 2.9 6.1 3.3 4.2

Cf (102 J · m−2 · K−1) 9.7 9.6 9.5 9.8 9.5 9.5 9.3 9.6 9.7 9.7

b̄ (103 J · m−2 · s−1/2 · K−1) 1.8

σ (103 J · m−2 · s−1/2 · K−1) 0.046

Cv (%) 3.5

the surface of the material so as to modify the contact conditions, inducing significant
changes of the thermal contact resistance.

Thermal effusivity values obtained in this way display significant reproducibility,
whereas the resistance varies considerably. Even though the sensitivity study showed
that it had little effect on the impedance, the thermal capacity of the sensor does not
entail any significant variation.

Table 5 summarizes the results regarding thermal effusivity for a series of 10 tests.

6 Conclusion

This study demonstrates that a non-integer order model theory can be used to deter-
mine the frequency thermal impedance of a conduction system experimentally. A
theoretical impedance model was defined on the basis of the quadrupole theory. Both
the experimental contact resistance and capacity of the sensor were integrated in this
model. The theoretical impedance exhibits non-integer orders of differentiation in the
relation linking both the temperature and flux density over the input “access plane”
of the system. The model was validated with a harmonic study. With pseudo-random
heating signals, the model parameters were determined on the basis of flux and temper-
ature measurements. Then direct access is enabled for the impedance in the frequency
domain. An identification procedure allowed us to determine both the thermal effu-
sivity of a material and the contact resistance. Several tests were carried out while
changing the contact conditions for each test. This method, applied to a sample of
concrete with a very high contact resistance, proved to be reliable.
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